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Qutline

adequately?

@ Can shocks in solutions to the Burgers
equation model collapsed structures
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Qutline

@ Can shocks in solutions to the Burgers
equation model collapsed structures
adequately?

© Yes! (A variational construction of mass
transport in shocks)
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Collapsed structures

@ Clusters
o Hilaments
e Walls
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(Weinberg, Gunn 1990)
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Collapsed structures

@ Clusters
o Filaments

e Walls

ZaN\:

(Melott, Shandarin 1989)
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The Burgers equation

@ Fluid particles move ballistically:

du ou

— =7 +(u-Vu=0 (Vxu=0)

@ (Zel'dovich 1970, ... many others)
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Crossing of trajectories
tA
Before

crossing;:
smooth

e N
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Crossing of trajectories

tA

Trajectories p

Cross. .. \§
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Crossing of trajectories

tA

After crossing:
multi-valued
solution?

Andrel Sobolevskil (U. Moscow)  Transport in adhesive flows NCW 2006 5 /21



The Burgers equation revisited

@ Fluid particles move ballistically:

du ou

— =7 +(u-Vu=0 (Vxu=0)
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The Burgers equation revisited

@ Fluid particles move ballistically:

du Ou
— =7 +(u-Vu=0 (Vxu=0)
o u=Vao: aa—?Jrl\vq)F:o
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The Hamilton—Jacobi equation

00

4 H —
at—l— (VO) =0

o H(p) =L|p|° is the Hamiltonian
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The Hamilton—Jacobi equation

00

4 H —
at—l— (VO) =0

o H(p) =L|p|° is the Hamiltonian

@ The Lagrangian:
L(v) = max(v - p — H(p))
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The Hamilton—Jacobi equation

00

4 H —
at—l— (VO) =0

o H(p) =L|p|° is the Hamiltonian
@ The Lagrangian:
L(v) = max(v - p — H(p))
o L(v)+ H(p)=v-p:
equality if v =V, ,H(p)
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@ 1s the action function

00

4 H —
at—l— (VO) =0

Directional derivative of @ if r = v:

dd 00
Tl =v- VO + —
7 (v] =v - VO + 3
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@ 1s the action function

00

4 H —
at—l— (VO) =0

Directional derivative of @ if r = v:

dd
dt

v]l=v-VO - H(VOD)
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@ 1s the action function

00

4 H —
at—l— (VO) =0

Directional derivative of @ if r = v:

dd
dt

v]l=v-VO - H(VOD)
=L(r) fv=r=V,H(VO)
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The Min Action principle. ..

a@
- H —
Y + H(VD) =0 J

O(r,t) = min <CD(33(s:O),O)

z(s): z(t)=r
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...and how 1t works

A
t @ A

&V
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...and how 1t works
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“Cutting” of trajectories
tA

A “collapsed
structure”

appears:
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“Cutting” of trajectories

t4 \\
A “collapsed
structure”

appears:
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Trajectories extendable?

Question

Can one extend the trajectories of fluid
particles beyond crossing the shock

or do particles disappear on shocks?
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Qutline

@ Can shocks in solutions to the Burgers
equation model collapsed structures
adequately?

© Yes! (A variational construction of mass
transport in shocks)
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The viscous limit

Q0" 1 )
ZIVOHY = uADH
= +2\V “=pu

@ As u— 0, ®" tends to the minimal
action solution
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The viscous limit

Q0" 1 )
ZIVOHY = uADH
= +2\V “=pu

@ As u— 0, ®" tends to the minimal
action solution

@ Where do the particle trajectories
r=ul(r,t) = VOH(r, t) tend?
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Motion inside shocks

Ilya Bogaevsky (math-ph/0407073)

The limiting trajectories of fluid particles
as L — 0 define a velocity field within
collapsed structures. This velocity field can
be constructed explicitly from ®(r, t).
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Motion inside shocks

Flow around a
discontinuity ’/”

in the r space:
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Motion inside shocks

"

Velocities in
the v space:

2
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Motion inside shocks

Center of the
smallest circle
(sphere)
containing

'U/, 'U”) ,U///:
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Motion inside shocks

Center of the
smallest circle
(sphere)
containing

UI, ,U//) ,U///:
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Motion inside shocks

Question
Why the
smallest circle?
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Structure of @ at shocks

q) A
N / >
At a shock, @ T
1S a minimum
of several
branches:
/]
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Structure of @ at shocks

® = min(®Dq,...,D,)
0D,

+ H(VD;) =0

ot
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Non-minimizing trajectories

@ A trajectory coming to a shock
no longer minimizes the action
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Non-minimizing trajectories

@ A trajectory coming to a shock
no longer minimizes the action

@ Idea: try extending the trajectory so
that its “surplus action” is min:

dd
dt

L(v) [v] — min
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Non-minimizing trajectories

@ The velocity v is determined from

max (L('u) — dq)i[v]) — min

]

dt
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Non-minimizing trajectories

@ The velocity v is determined from

max (L('u) — d;?h;]) — min

@ db/dtlv]=v -VO - H(VD)
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Non-minimizing trajectories

maX(L(v) + H(VD;) — v - V(Dz-) — min

]
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Non-minimizing trajectories

maX(L(v) + H(VD;) — v - V(DZ-) — min

]

For H(p) = |p|’ /2, L(v) = |v|* /2:

1
max o |v — V®,;|> = min
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Open questions

@ Describe the limiting mass distribution
within shocks

@ Prove this result for general convex
H(p)
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